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DISTRIBUTIONAL RESULTS FOR RANDOM PUNCTIONALS
OF A DIRICHLET PROCESS

— ~~~~~~~~~~~~

We obta~~jn expression~,for the distribution function of the random

variableLJZ~j,) where P is a random distribution function chosen by Ferguson’s

(1973) Dirichiet process on (R, B) (R is the real line and B is the a-field

of Bore l sets) with parameter ~~ and Z is a , rçal-valued measurable function

defined on CR, B) satisfying(T ~~jd c 
~~~. As a ~ onsequenc e, we show that when

e is sy etr ic about 0 and Z is an \odd function , then the distribut ion of

JZdP~is sy etric about 0. ~~~~~~~~~~~~~~~~~ 
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DISTRIBUTIONAL RESULTS FOR RANDOM FUNCTIONALS
OF A DIRICHLET PROCESS

by

Robert C. Hannuin1’2 I4yles Hollander2, and Naftali A. Langberg3
University of Denver and Florida State University

1. Introduction and summary . Let P be a random probability measure

chosen by Ferguson’s (1973) Dirichlet process on (R, B) (R is the real line

and B is the a-field of Borel sets) with parameter a. Let Z be a real-valued

measurable function defined on (R, B) satisfying fizida C 
~~~. Ferguson’s

fundamental paper contains many results including, for the purpose of

developing Bayesian nonparametric estimators of various parameters, results

giving the mean of such random variables (rv ’s) as f UP and (variance P) and
the median of the rv (median P). Yanato (1977) extends Ferguson ’s results by

obtaining the moments of various random estimable parameters. Results per-

taining to the distribution functions (df’s) of random functionals are less

available, an exception being Ferguson’s (1973) expression for the df of the

random qth percentile of P.

In this note we study the df of fur . Our contributions are:

~Research supported by National Institutes of Environmental Health Sciences
• Traineeship Grant No. 5 T32 E 50 7011.

2Rssesrch supported by the Mr Force Office of Scientific Research, AFSC,
I$AF, under Grant AFOSR-78-3678.

3Research supported by the United States Army Research Office, Durham, under
Grant No. DAAGG-24-79-C-0158.
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(i) In Theorem 2.5 we establish the equality

(1.1) Pr{JZdP � x} a ~rtTX S 0),

which relates the df of JUP to the distributions of rv ’s TX, x c R, defined

by (2.3) and Theorem 2.3. In Theorem 2.3 we obtain the characteristic function

(cf) of TX.
(ii) The cf of TX can be used to obtain results concerning the distri-

bution of JZdP. For example, in Corollary 2.6 we use the cf of TX to prove
that when Z is odd and a is symmetric about 0, then the distribution of JZ4P

is symmetric about 0. (We also present an alternative proof of Corollary 2.6

using the g a a  process representation (see Ferguson, 1973; Ferguson and

IClass, 1972) of the Dirichlet process.) Thus, for example, when a is syam.tric

about 0, the odd moments of the random P, namely j~ dP(~), n ~ 1, 3, 5, ... ,

have distributions that are symmetric about 0.

2. The distribution of f ZdP. We assz~ e the reader is familiar with

definitions and basic results concerning Ferguson’s Dirichiet process. If

this is not the case, the reader is referred to Ferguson (1975). Throughout

this section we take P to be a Dirichiet process on (R, B) with parameter a,
• and Z to be a real-valued measurable function defined on (R, B) satisfying

I IZida .c .. We first prove two lemmas which will be used to show that the

rv ’s TX, x a R, defined by (2.3) and Theorem 2.3, have continuous df’s.

LEf4IA 2.1. Let r be a positive integer and let X1, •
~~~

•
~~ ~ 

be independent

and identically distributed (iid) rv ’s such that ~ X~ has a continuous df.i.l
Then has a continuous df.

•,—.-~
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PROOF. Not, that for all y a

1•(2.1) (Pr(X1 
a y))r S Pr{ 

~ 
X~ — ry} . J~i—i

LE?11A 2.2. Lotx cRand l~~ abe a fjfljte.,~ (R B)
u(C: Z(~) s x} > 0, where Z is S measurable function integrablo with respect
to a. Then there is a positive integer r such that

Jexp(-rJ &n~i • t
2{Z(() - z}2)da(~)dt ~

PROOF. First note that since a(~: Z(() • x} > 0 then there exists two
positiv, integers j and r such that r • a{~ : )Z(~) - x~ � J 1} ‘ 1. Letting

a (~: ~Z(~) - xJ ~ j
1} we then note that

/ tn[1 + t2(Z(~) - x)
2]da(C) � f tn(l + t2{Z(~) - x}

2]da~~)-. B,

� a(B~) • in[l +

• and so we have

Jexp( -rJ tn[l + t (Z(() - x} 23du(~) }dt S Jexp(-r • a(B~) • £n[1 + (t/J)2J }dt

• -r ’a(B ) • 
2s 1(1 • (t/j)2] dt S J[i • (t/j) J
4dt •.0 0

Now we introduce some notation. Let

- 1)/k < Z(c) � jfk), for j a -k2 • 1, .. ., k2

1Jk ft: Z(~) s -k}, for j -k2

(~: Z(~) ~~k), for j •k
2 ,i.

—-- -*— —
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Further let WJkI j  a -ks, ... , + 1, be independent g a a  rv ’s with shape
parameters m(I ,&) respectively, and common scale par t.r 1. Let x a R and

define, for k • 1, 2,

-l k2.l
(2.2) Tk

X Z ((jfk) - x}W 4k • I (((j - 1)/k] - x}W
j .i..k2 ‘ Ja0

ThEOREM 2.3. Let x a 9. Then the sequence Tk
X, k - 1, 2, ... , converges

in lsw a sk+ .to a? v TXw ho secf is given by

(2.3) •TX
(t) exp(-f th[1 - it(Z(~) -

PROOF. Let - 1 when ~ ~ ~~ and 0 otherwise, and for each ~ a 9
define

-l k2sl
Zk(F.:) 

a 
~ 2

[j/k]6 ~ k) + 
~ 

[ Ci - l)/k]6~(I k~j.-k 1—0

for k — 1, 2, ... . Let x a R and note from (2.2) that since Tk
X is a linear

combination of independent g~~ a iv’s, it has a cf which is infinitely
dLvisible. Hence we may write

—1
in E(exp(itT~X)) I ~~ E(exp(it((j/k) - xJW,k}) +j a-k

k2.1
• I &n E(exp(it[((j - 1)/k) - xJWjk ))

1—0

—1 —a (I )  k2.1
— I 2in(1 — it((J /k) — x)) jk • 

~ m E l  - it([(j - 1)/k] - x}]
1.0

-l k2sl
a —( 

~~ 2e(I 4~)in[l — it( (j lk) - x}J + 
~~ 

a(I lk )& n f l — it( [(j - 1)/k] - z}] }
j .-k i.e

_ _ _ _— — —h



S

• -f tn(i - it{ZkC~
) - x)]da (~)

• • t2(Z~(~) - x}2)4)dci(~) + i I tan4[t(ZkW - x})da(O .

Now observe that IZk(~)l 
s IZ(~)( for all real F and so we have

(2.5) &n[ (1 • t 2(Zk (c) - x}2)~ ] � itt • (IZk(~)i 
+ x} s ft~ (11(0 1 + x}

and 
-

(2.6) I tan ’[t(Zk(O - x}J i  ~~ itt  • ( I Z k (
~) I  + x) ~~ It J  • (IZ(0 I + x}.

Since the right-hand-sides of (2.5) and (2.6) are integrable with respect to

a and since h a  ZkW — Z(~), then by the dominated convergence theorem we

have from (2.4) tha t

(2.7) lim E(exp{itr
k
x}) . exp(-J .&n(l - it(Z(~) - x)]du(~)}.

-•

Writing the right-hand-side of (2.7) as exp{-(GCt, x) + iHCt, x)]} where

G(t , x) • ~ J t n(1 + t 2(z(~) - x}21dai(0,

H(t, x) — —7 tan
4[t(Z(0 -

it is straightforward to show that for any real number x, both

H- IG(t , x) - 0(0, x )I and IH(t , x) - H(O, x)I are bounded above by

Iti !(1Z(0 i + x}da(O, which g o s  to zero as t .0 .  This shows that the

right-hand-side of (2.7) is continuous at t • 0 and hence the result of the

theorem follows from the continuity theorem for cf’s. I i

~~~~~~~~~
• f.  ~ • ~~~~~~~~~~~~~~ 
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LE~Sl& 2.4 . L e t x c R a n d assuae that a(~ : Z(~) s x } > O .  Then T’~has
a cont inuous df.

PROOF. By Lemma 2.2 there is a posit ive integer r such that

I I EE(exp(itTX))Jrjdt c ~~. Now (E(exp(itTX})JT is the cf of the convolution

of r iid iv’s distributed as TX. Since the cf of this convolution is

absolutely integrable we conclude (cf . Breiman (1968), p. 178) that the

convolution of r iid iv’s distributed as TX is continuous. Consequently

the result follows from Lemma 2.1. fl
We are now ready to obtain an expression for the df of JZdP.

ThEOREM 2.5. Let P be a Dirichlet process on (R, B) with parameter a

and let Z denote a real -valued measurable function defined on (9,, B)

integrable with respect to a.

(i) If there exists a real number x such that u(~: Z(~) • x} — 0,

then jZdP is degenerate at x .

(ii) If a(~: Z(~) • x} ‘ 0 for all x a R , then (1.1) holds, where TX is

• the iv whose cf is given by the right-hand-side of (2.3).

PROOF. Ci) Note that z(~: Z( ~ ) • x} — 0 implies that P(C: ZW • x} • 0.

Thus fZ(~)dP(~) x.

(ii) Let A.~ — f ZkWdP(F~). for k a 1, 2 .. ., and note that

Pr(A.5 S x} a Pr(f Zk (OdP K) S x}

(2.8) 2-1 k+l
— Pr{ 1 2(j’k]~~14k) + I ((j - l)/kIP(14k) ~j a_k 1.0
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Now for each k the random vector 
~~~~~~ 

3 a -k2, ..., k2 
+ 1, has a

Dirichlet distribution with par eter (a(I
Jk

) ) J  3 a -k~, ..., k2 + 1. Letting

j • -k2 ... , k2 • 1 represent independent gamma iv’s with shape

parameters a(I
Jk )I j  - -k~, ..., k2 + 1, respectively and common scale

parameter 1, and using the gamma distrthution definition of the Dirichiet

distribution, (2.8) becomes

-1 k2+l k2+l
PriAk � x} 

j k 2 j k  + 

j aO ~~ 
- 1)/k] Wik 

S 
j lII

Z
k

2 ik

-l k2+l
(2.9) • Pr( I 2{(j/k) - x}W.k + I ( ( ( 3  - 1)/k] - x}W jk � 0)

j — -k ~ j sO

a Pr{T~~ � 0) .

Now note that h a  Ak - fzdP almost everywhere with respect to a and thus by
k.Ic~

(2.9) we havc

Pr(fZdP S xl • h a  Pr{A~ s x} - him Pr{Tk
X � 0) - Pr{TX �

k-~ k-’—

the last equality following from Theorem 2.3 and Lemma 2.4. I I
Using Theorem 2.5 in conjunction with the cf of TX , given in (2.3), it

is now possible to gain additional information concerning the distribution of

the random mean Jz4P.

COROLLARY 2.6. Let P be a Dirichlet process on (R, B) with parameter a,

where a is a positive finite and symmetric measure about the origin. Let Z

• denote a real-valued measurable and odd function such that lIZ Jdu a ~~~. Then

JZdP has a sy etric distribution about the origin .

_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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PROOF. First assume that there is a real number x such tha t

a(~ : Z(~) • xl — 0. Then since Z(~) a -
~

-
~~

-
~~) 

it follows that a(~: Z(~) • 01 ~ 0.

Thus by Theorem 2.5 JZdP is degenerate at x a o and hence symmetric.

Next assume that a{C: Z(~) � xl > 0 for all x a R. By repeating our

arguments it is clear that Pr{JZdP � - xl a Pr{T~ � O} and thus to show that

JZdP is symmetric about the origin it suffices to show that, for all x a R,

(2.10) Pr{TX � 01 a Pr(-T~ � 0).

Since Z(~) a -Z(-~) and since da(~) = dcz(-~) we have

In E(exp{itT~~)) 
:L 

th[1 - it {Z( C) + x}]da(~)

(2.11)

— J mn(l + it(Z(-~) - x}]du(-~) 
a ~fl E(exp( -itTXl) .

From (2.11) we obtain that TX has the same df as -T~~ and hence (2.10)

follows directly. ~I
The proof of Corollary 2.6 given above is based on Ferguson ’s (1973)

original definition of the Dirichlet process. Below we exhibit an alternative

proof of Corollary 2.6 which is based on Ferguson ’s (1973) (also see Ferguson

• and Kiass, 1972) alternative definition of the Dirichlet process as the sun of

a countable number of jumps of random height at a countable number of random

points . (This alternative representation is often useful in obtaining results

for the Dirichhet process , cf. Ferguson (1973) , Korwar and Hollander (1973) ,

Yamato (1977).)

ALTERNATIVE PROOF OF COROLLARY 2.6. We have , by Theorem 2 of Ferguson

(1973),

—
~~ -~~

- .-
~ ‘——--—-——.-— . - - . I - - — • - - -

— —.-~.—- - _-_ _-_______ -__ __ ___:E..__._ ~~~~~~~ 
-. - -

~ 
— 

~~
- —
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a

JzcIP a I Z(V
J

)P.
i—i 3

where V11 V2, ... are iid according to Q(~) a cz( )/ct(R) , where the P
3 ‘

s are independent

of the V~ ‘S ,and where the P
3 

‘S depend on j o only through a (R) . Thus we have

(since Z is odd)

a a

(2.12) fzdP I Z(V .)P. — - 1 Z(-V )P
-

• jal 3 ~ 3_j  I I

Now since a is symmetric about the origin, ..~3 
~ V., for all j — 1, 2, •~~~~~,

where ,,g,, means “has the same distribution as.” Hence, since the V
3
’s are

independent of the P
3 
‘s we have

(2.13) - ~ Z(-V.)P g 
- ~ Z(V .)P. a -JZdP.

j—1 ~ ~—i ‘ ~

From (2.12) and ~2.13) we conclude that JZdP 
g 
-f UP and so the df of JZdP is

symmetric about the origin. I~
Acknowledgment. We thank Jayaram Sethuraman for many helpful discussions.
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